


DEFINITION:   Any formal voting arrangement in which the voters are not necessarily equal in terms of the number of votes they control is called a weighted voting system.

Motion = a vote involving only two choices (this kind of vote can always be thought as a yes-no vote).

CHARACTERISTICS OF A WEIGHTED VOTING SYSTEM

1) The players (generally denoted by P1, P2, … , Pn) are the voters themselves;
2) The weights (generally denoted by w1, w2, … , wn). A weight of a player represents the number of votes that is controlled by that player.
3) The quota (generally denoted with the letter q) represents the minimum number of votes needed to pass a motion.

OBS:  The quota is not necessarily the majority of the votes. A reasonable choice of a quota is any number between half of the total number of votes and the total number of votes. Formally,
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NOTATION:  A convenient way to describe the voting system

[q: w1, w2, … , wn]
DEFINITIONS:   We say that a player is dictator if his weight is bigger than or equal to the quota. Notice that whenever is a dictator, all the other players, regardless to their weights, have absolutely no power. A player without power is called dummy.


A player that is not dictator (so he does not control the passing motion), but that can single-handedly prevent the rest of the players from passing a motion is said to have veto power. 

 
OBS:     The dictator is the player who controls enough votes to pass any measure single-handedly (this kind of player has all the power, and it is not surprisingly that we call him a dictator) 

Example 1:     [14: 8, 6, 5, 1]


In this example, we have: 

the quota is 14 votes;

the total number of votes is 20;

player 1 (P1) has 8 votes;

player 2 (P2) has 6 votes;

player 3 (P3) has 5 votes;

player 4 (P4) has 1 vote.


Note that the two-thirds requirement to pass a motion translates in this case to the quota q = 14, the first whole number larger than two-thirds of 20.

Example 2:     [7: 5, 4, 4, 2]

· The quota is less than a half (7 < 15/2)!!!

· If P1 and P4 voted yes and P2 and P3 voted no, then both groups would win!

· This is a mathematical version of anarchy, and we will not consider this to be a legal weighted voting system.

Example 3:     [17: 5, 4, 4, 2]

· The quota is too high!!! No motion could ever pass!!!

Example 4:     [11: 4, 4, 4, 4, 4]

· This is a one person – one vote situation since all the 5 players are equal.

· Simple majority needed to pass the motion (to pass the motion, at least 3 out of the 5 players are needed).

· This voting system is equivalent with [3: 1, 1, 1, 1, 1].

Example 5:     [15: 5, 4, 3, 2, 1]

· The only way a motion can pass is by unanimous consent of the players.

· This voting system is equivalent with [5: 1, 1, 1, 1, 1]!!!

Example 6:     [11: 12, 4, 3]

· The player P1 is a dictator and all the others are dummy.

Example 7:     [12: 9, 5, 4, 2]

· The player P1 is not a dictator but he has the power to obstruct by preventing any motion from passing. So, he has the veto power!

Example 8:     [200: 197, 196, 5]

· ALL PLAYERS HAVE EQUAL POWER IN THIS WEIGHTED VOTING SYSTEM.


Coalition = any group of players that join forces to vote together.

Weight of the coalition = total number of votes controlled by the coalition.

Winning coalition = coalition which has enough votes to win

Losing coalition = coalition which has not enough votes to win

Grand Coalition = the coalition consisting of all the players

Critical Player – If one player can leave the coalition and if his leaving (desertion) would turn a winning coalition into a losing coalition, then we will call him a critical player.


OBS:    A winning coalition can have more than one critical player, and occasionally a winning coalition has no critical player. Losing coalitions never have critical players.


DEFINITION:     The Banzhaf Power Index of a player P is the number of coalitions for which the player is critical over the number of coalitions for which all players are critical.


Computing the Banzhaf Power Index

Step 1: List all possible coalitions.

Step 2: Determine which of them are winning coalitions.

Step 3: In each coalition, find the critical players.

Step 4: Count the total # of times player P is critical (call it B).

Step 5: Count the total # of times all players are critical (T).

Step 6: Calculate the Banzhaf Power Index of player P as B / T.


DEFINITION:   The Banzhaf Power Distribution of a weighted voting system is the list that has the Banzhaf Power Indexes of all players (generally they are expressed in %)

Example 1:     [1000: 600, 500, 400]

Step 1: List all possible coalitions.

Coalition

Weight
  Win/Lose (win need 1000)

( (   


    0


L

(P1(


  600


L

(P2(


  500


L

(P3(


  400


L

(P1, P2(

 1100

W

(P1, P3(

 1000

W

(P2, P3(

  900


L

(P1, P2, P3(
 1500

W

Step 2: Determine which of them are winning coalitions.

(P1, P2(;     (P1, P3(;     (P1, P2, P3(.

Step 3: In each coalition, find the critical players.

· In the coalition (P1, P2(, P1 and P2 are both critical.

· In the coalition (P1, P3(, P1 and P3 are both critical.

· In the coalition (P1, P2, P3(, only P1 is critical.

Step 4: Count the total # of times player P is critical.

P1  (600): critical 3 times

P2 (500): critical 1 time

P3 (400): critical 1 time

Step 5: Count the total # of times all players are critical.


All the players are critical 5 times.

Step 6: Determine the Banzhaf Power Distribution

P1 = 3/5 = 60 %

(3/5) x (100)

P2 = 1/5 = 20 %

P3= 1/5 = 20%

Example 2:     [12: 6, 9, 3, 7]

Step 1: List all possible coalitions.


( (; 

(P1(; (P2(; (P3(; (P4(; 

(P1, P2(; (P1, P3(; (P1, P4(; (P2, P3(; (P2, P4(; (P3, P4(; 

(P1, P2, P3(; (P1, P2, P4(; (P1, P3, P4(; (P2, P3, P4(; 

(P1, P2, P3, P4(.

Step 2: Determine which of them are winning coalitions.

(P1, P2(; (P1, P4(; (P2, P3(; (P2, P4(; (P1, P2, P3(; 

(P1, P2, P4(; (P1, P3, P4(; (P2, P3, P4(; (P1, P2, P3, P4(.

Step 3: In each coalition, find the critical players.

· In (P1, P2(, P1 and P2 are both critical.

· Similar for the others (bellow are the critical players): 

(P1, P2(; (P1, P4(; (P2, P3(; (P2, P4(; (P1, P2, P3(; 

(P1, P2, P4(; (P1, P3, P4(; (P2, P3, P4(; (P1, P2, P3, P4(.

· Observe that in the coalition (P1, P2, P3, P4(, nobody is critical player.

Step 4: Count the total # of times player P is critical.

P1  (6): critical 3 times

P3 (3): critical 1 time

P2 (9): critical 5 times

P4 (7): critical 3 times

Step 5: Count the total # of times all players are critical.


All the players are critical 12 times.

Step 6: Determine the Banzhaf Power Distribution

P1 = 3/12 = 25 %

P2 = 5/12 = 41.667 %

P3= 1/12 = 8.333 %

P4= 3/12 = 25 %



Sequential Coalition = any ORDERED group of players that join forces to vote together.

Pivotal Player – In each sequential coalition there is one player that tips the scale – the moment that player joins the coalition, the coalition changes from a losing to a winning coalition.


OBS:    In Shapley-Shubik Power method, the order in which a player enter the coalition is important. In the Banzhaf Power method, the order doesn’t matter!


CONCLUSION!!!!:

In Banzhaf Power method, 

(P1, P2, P3( = (P2, P1, P3( = (P3, P1, P2(.

In Shapley-Shubik Power method, 

<P1, P2, P3>  ≠  <P2, P1, P3>  ≠  <P3, P1, P2>.


OBS: If we have n players, then the total number of sequential coalitions is    n!     (read “n factorial”), where

n! = n · (n-1) · (n-2) · … · 2 · 1

CONVENTION:     0! = 1


DEFINITION:  The Shapley-Shubik Power Index of a player P is the number of coalitions for which the player P is pivotal over the number of coalitions for which all players are pivotal.


OBS:  The number of coalitions for which all players are pivotal is of course always    n!

Computing the Shapley-Shubik Power Index

Step 1: List all sequential coalitions containing n players. Attention, there are n! of them.

Step 2: In each sequential coalition, find the pivotal player. Attention, there is only one in each sequential coalition.

Step 3: Count the total # of times player P is pivotal and call this number S).

Step 4: Calculate the Shapley-Shubik Power Index of player P as S / n!


DEFINITION:   The Shapley-Shubik Power Distribution of a weighted voting system is the list that has the Shapley-Shubik Power Indexes of all players (expressed generally in %)

Example 1:     [1000: 600, 500, 400]


Hence, we have n=3 players (P1 – 600; P2 – 500; P3 – 400).


Also we have n! = 3! = 3 · 2 · 1 = 6 sequential coalitions.

Step 1: List all sequential coalitions containing 3 players.

<P1, P2, P3>

<P1, P3, P2>

<P2, P1, P3>

<P2, P3, P1>

<P3, P1, P2>

<P3, P2, P1>

Step 2: In each sequential coalition, find the pivotal player.

Sequential Coalition


Pivotal player

<P1, P2, P3>



P2
<P1, P3, P2>



P3
<P2, P1, P3>



P1
<P2, P3, P1>



P1
<P3, P1, P2>



P1
<P3, P2, P1>



P1
Step 3: Count the total # of times player P is pivotal

P1  (600): pivotal player 4 times

P2 (500): pivotal player 1 time

P3 (400): pivotal player 1 time

Step 4: Determine the Shapley-Shubik Power Distribution

P1 = 4/6 = 66.667 %

P2 = 1/6 = 16.667 %

P3= 1/6 = 16.667 %

Example 2:     [12: 6, 9, 3, 7]


Therefore, we have n = 4 players (P1; P2; P3; P4).


Also   n! = 4! = 4 · 3 · 2 · 1 = 24 sequential coalitions.

Step 1: List all sequential coalitions containing 3 players.

<P1, P2, P3, P4> ;  <P1, P2, P4, P3> ;  

<P1, P3, P2, P4> ;  <P1, P3, P4, P2> ;  

<P1, P4, P2, P3> ;  <P1, P4, P3, P2> ;  

<P2, P1, P3, P4> ;  <P2, P1, P4, P3> ;  

<P2, P3, P1, P4> ;  <P2, P3, P4, P1> ;  

<P2, P4, P1, P3> ;  <P2, P4, P3, P1> ;  

<P3, P1, P2, P4> ;  <P3, P1, P4, P2> ;  

<P3, P2, P1, P4> ;  <P3, P2, P1, P4> ;  

<P3, P4, P1, P2> ;  <P3, P4, P2, P1> ;  

<P4, P1, P2, P3> ;  <P4, P1, P3, P2> ;  

<P4, P2, P1, P3> ;  <P4, P2, P3, P1> ;  

<P4, P3, P1, P2> ;  <P4, P3, P2, P1> .

Step 2: In each sequential coalition, find the pivotal player.

· In <P1, P2, P3, P4> , P2 is the pivotal player.

· Similar for the others (circle the pivotal players in the above list)!

Step 3: Count the total # of times player P is pivotal

P1  (6): pivotal player 6 times

P2 (9): pivotal player 10 times

P3 (3): pivotal player 2 times

P4 (7): pivotal player 6 times

Step 4: Determine the Shapley-Shubik Power Distribution

P1 = 6/24 = 25 %

P2 = 10/24 = 41.667 %

P3= 2/24 = 8.333 %

P4 = 6/24 = 25 %
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