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Abstract
This paper deals, in the ¯rst part, with the existenceof harmonic waves in polynomial third

grade °uids. The main results, basedon someolder remarks of the author (seeTigoiu [5]), con-
cern the existence/ non-existencethe propagation of discontinuities, like spherical and cylindrical
accelerationwaves,all important cases(referring to the signum of the constitutiv e coe±cient ®1 ).
It was proved that, like in the caseof linear viscous°uids, accelerationwaves(spherical and cylin-
drical) do not propagate for ®1 > 0: It is proved also that, thesediscontinuities can propagate if
the subclassof third grade °uids with ®1 < 0 is considered.

Key words and phrases:propagation of singularities, harmonic waves,accelerationwaves,third
grade °uids

Mathematics Subject Classi¯cation: 76A05, 76D33, 76A99

1 In tro duction

In this paper we analyze someproblems related to wave propagation in non-newtonian third grade
°uids.
It is important to remind that, on a part we expect that harmonic waves will propagate, while ac-
celeration wavesdo not (lik e in linear viscous°uids, seeTruesdell and Toupin [4] and Dragos [2], for
instance). Older results of Tigoiu [5] give someideasconcerning the subject. On an other part, due
to the presenceof higher order time derivatives in °ow equations for a third grade °uid, we expect
that, accelerationwavescan propagate with ¯nite velocities, at least for somesubclasses.
We employ the known constitutiv e law for third grade°uids (seeFosdick and Rajagopal [7], or Tigoiu
[5], [6]).

T (x; t) = ¡ pI + ¹ A 1 + ®1A 2 + ®2A 2
1) + ¯ 1A 3+

+ ¯ 2(A 1A 2 + A 2A 1) + ¯ 3(tr A 2
1)A 1;

(1)

in the sensegiven in [5]. Consequently , the constitutiv e moduli must obey the following restrictions
(obtained as direct consequencesfrom Clausius-Duhem'sinequality)

¯ 1 < 0; ¯ 1 +2( ¯ 2 + ¯ 3) ¸ 0; ¹ ¸ 0; ®1 + ®2 = 0: (2)
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We remark also, concerning third grade °uids, that employing the simpli¯ed constitutiv e equation
obtained in [7], Fosdick and Straugham have proved in [8] that catastrophic instabilities can occur in
°ows of such °uids. Recently , Tigoiu [6] proved that for the constitutiv e equation given in (1) with
constitutiv e restrictions (2), the rest state is asymptotically stable, for any signum of the constitutiv e
modulus ®1; at least for weakly perturb ed °ows.
In the present paper we employ the constitutiv e equations(1) and we write °ow equations in the case
of weakly perturb ed °ows (as it was written in [6], for instance), that is

@v
@t

¡ ¹ divA 1 ¡ ®1
@
@t

divA 1 ¡ ¯ 1
@2

@t2 divA 1 + gradp = ½b;

divv = 0:
(3)

On thesebasiswe analyze below the existenceor the non-existenceof various typesof wavesand its
propagation.

2 Harmonic waves

A ¯rst questionwhenwestudy wavepropagation in continuum materials is to seeif harmonic (smooth)
wavespropagate in such a body. For this, we supposethe whole space¯lled with our °uid and we are
interested to seeif harmonic plane waves,with known frequency ! 2 R + can propagate.
We consider that the propagation has place in the absenceof external forcesand than, the linearized
°ow equationscan be easily obtained from (3)

½
@vi

@t
¡ ¹

@2vi

@x j @x j
¡ ®1

@
@t

@2vi

@x j @x j
¡ ¯ 1

@2

@2t
@2vi

@x j @x j
+

@p
@x i

= 0;

@vj

@x j
= 0; i; j = 1; 3:

(4)

We follow the classicway (see[1], [2]) to obtain the dissipation relation, that is the relation between
the complex wave number k ´ kr + ik i and the frequency !

k = f (! ) (5)

We supposethat wavespropagate in the direction of unitary vector n and are described by

ve = V eexp(i (kn ¢x ¡ ! t)) ; p = p0 + pexp(i (kn ¢x ¡ ! t)) : (6)

A straight and simple calculus provesthat

(
@
@t

;
@

@t2 ;
@

@x j
;

@
@x2

j
) ¡ ! (¡ i! ; ¡ ! 2; ik nj ; ¡ k2): (7)

Finally the system (4) has the form
·
(¹ ¡ i®1! ¡ ¯ 1! 2)k2 ¡ i½!

¸
ve + ik nep = 0;

ik neve = 0; e = 1; 3:

(8)
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The condition to have e®ective waves(non-null wave amplitudes) is given by

·
(¹ ¡ i®1! ¡ ¯ 1! 2)k2 ¡ i½!

¸ 2

k2 = 0: (9)

A simple overview on the relation (9) put into evidencetwo distinct cases
A. k = 0. In this casetwo situation are to be put into evidence:

A1. ! = 0; that is, the °uid is in a rest state;
or

A2. ve = 0; j = 1; 3 and consequently we cannot propagate waves quad in our °uid, but
p = p0 + p exp(¡ i! t) (that is, the constant phasevelocity is unbounded).

B.
µ

(¹ ¡ i®1! ¡ ¯ 1! 2)k2 ¡ i½!
¶

= 0 and k 6= 0: In this case,from (8) we have p = p0 and

v ¢n = 0: Consequently there are transversewavesto the n direction propagating in our °uid. More,
the dissipation relation (5) becomes

k2
·
(¹ ¡ ¯ 1! 2 ¡ i®1! )

¸
= i½! : (10)

This relation leadsto a propagation velocity of the constant phaseof transversewavesgiven by

c ´
!
kr

= §

vu
u
u
t

2
·
®1! +

q
®2

1! 2 + (¹ ¡ ¯ 1! 2)2
¸·

®2
1! 2 + (¹ ¡ ¯ 1! 2)2

¸
!

½(¹ ¡ ¯ 1! 2)
(11)

The relation (11) clearly proves that the absolute value of the velocity c is an increasing function of
the frequencyand the dependenceis of the order O(! 3=2).

3 Propagation of singularit y surfaces. Acceleration waves.

It is well known that °ow equations for a linear viscous °uid have a parabolic character and conse-
quently singular (discontinuit y) surfacespropagate with an in¯nite velocity (which is not a correct
responsefrom a physical point of view). Due to the presencein the constitutiv e law (1) of the second
time derivative, we hoped that somediscontinuities can propagate in such a °uid. The analysis be-
low (considering the casesof spherical and cylindrical accelerationwaves) will prove that thesewaves
have the speedof propagation exponentially increasingin time, which is a similar result with the one
obtained for the linear viscous°uid.
The present result is basedon the restriction due to the employment of Clausius - Duhem's inequality
( ¯ 1 < 0 ). In our casea similar result is obtained if we employ MÄuler's modi¯ed Clausius - Duhem
inequality.

3.1 Spherical waves

In this chapter we supposethat we have a weak perturbation of the rest state and consequently we
will consider the linearized form for the constitutiv e law as well as for °ow equations (see(3)). We
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analysisif through a °uid described by (31) can propagatethird order accelerationwaves. We suppose
that we have a regular surface S(x, t) = 0 such as acrossthis one, the velocity ¯eld as well as its
¯rst and secondorder derivatives are continuous functions and third and forth order derivatives of
the velocity ¯eld have discontinuities. The domain  occupiedby the °uid is divided by the surfaceS
into two region denoted with:  + and  ¡ : We employ classicalnotations for the jump of a function
f acrossa surfaceS:

[f (x ; t)] = f + x; t) + f ¡ x; t): (12)

We employ also the known geometric and kinematic compatibilit y relations for the jumps of ¯rst and
secondorder derivatives(see[3] and [4]) in order to right down

·
@f
@x i

¸
= An i

·
@2f

@x i @x j

¸
= ¹An i nj + ni x j j

®Aj® + nj x i j
®Aj® ¡ x i j

®x j j
¯ b®¯ A

(13)

and respectively

·
@f
@t

¸
= ¡ uA

·
@2f

@t@x i

¸
= (¡ u ¹A) +

±A
±t

ni ¡ a®¯ x i j®(uA)j¯

·
@2f
@t2

¸
= u2 ¹A ¡ 2u

±A
±y

¡ A
±u
±t

;

(14)

where we have employed the following notation (in this chapter i; j = 1; 3 and ®; ¯ = 1; 2)

A ´
·

@f
@x i ni

¸
; ¹A ´

·
@2f

@x i @x j ni nj
¸
;

±
±t

[f ] ´
·

@f
@t

+ u
@f
@x i ni

¸
(15)

In the above formulas x i ; x i are components of the vector x in the local basis ei ; or in its reciprocal
basis ei ; "( ¢)j" is the covariant derivative, ( a®¯ ) represents the surfacemetric, ( b®¯ ) is the second
fundamental form and u is the propagation velocity, given by

u =
@x i

@t
ni : (16)

The equation of the surfaceS is given (in spherical coordinates) by

x(t) = R(t)[cosµcosÁi1 + sinµ sinÁ i2 + sinÁ i3: (17)
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Spacemetric, surfacemetric and the secondfundamental form are simply computed as

gij = ±ij [±i 1 + ±i 2R2(t)cos2Á + ±i 3Rt ];

a®¯ = ±®¯ (±®1
1

R2(t)cos2Á
+ ±®2

1
R2(t)

);

b®¯ = ±®¯ (¡ ±®1R(t)cos2Á ¡ ±®2R(t)) :

(18)

In formulas (18) the summation index convention hasbeennot employed. We remind that the position
vector of a point is given by x(t) = R(t)e1 =

= R(t)e1 and its derivativesare x i j ¯ = a®¯ @
@y® (gij x j ): These formulas and (17) lead to: x2j1 =

R(t)cos2Á; x3j2 = R2(t); x1j1 = x1j2 = x3j1 = x2j2 = 0:
To give a complete explanation for kinematic jump relations (14), we remark that the velocity is
a vector ¯eld and consequently scalar amplitudes A and ¹A must be replaced with somevectorial
amplitudes. This last onesare constructed as follows: we intro duce, for simplicit y, the vector ¯eld

f (x ; t) ´
@2v

@x i @x j
(19)

and then we de¯ne the vector amplitudes A , ¹A by

A ´
·

@f
@x i ni

¸
´ [(gr adf )n]; ¹A ´

·
@2f

@x i @x j ni nj
¸
: (20)

Having in mind that f is a continuous ¯eld and employing also the previous results we obtain simply

[(gr adf )n] = [f k ; 1]ek =
·

@f k

@x1

¸
ek : Somestraight calculi give:

[(gr ad2f (n))n] = [gkt (
@2f t

@x4@x4 + 2
@f q

@x1
¡ t

q1 ¡
@f t

@xp
¡ p

11)]ek : As ¡ 2
21 = ¡ 3

31 = 1=R and all other are null

we obtain ¯nally for the representation of ¹A

¹A =
µ·

@2f 1

@x1@x1

¸
;
·

@2f 2

@x1@x1

¸
+

2
R

·
@f 2

@x1

¸
;
·

@2f 3

@x1@x1

¸
+

2
R

·
@f 3

@x1

¸¶
: (21)

After somelong but straightforward calculi we obtain for the secondterm from (14)3

±A
±t

=
µ·

@2f 1

@x1@x1

¸
;
·

@2f 2

@x1@x1

¸
+

1
R

·
@f 2

@t

¸
+

u
R

·
@f 2

@x1

¸
;
·

@2f 3

@x1@x1

¸
+

+
1
R

·
@f 3

@t

¸
+

u
R

·
@f 3

@x1

¸¶
+ u ¹A :

(22)

We employ now the °ow equationsand the de¯nition of the propagation velocity u =
@x1

@t
and after

a long calculus we obtain the system of equation which givesthe propagation condition
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(®1u + _u¯ 1)
·

@f 1

@x1

¸
+ ¯ 1u2

·
@2f 1

@x1@x1

¸
+ 2¯ 1u

·
@2f 1

@x1@t

¸
= 0;

(®1u + 2¯ 1
u2

R
+ _u¯ 1)

·
@f 2

@x1

¸
+ ¯ 1u2

·
@2f 2

@x1@x1

¸
+ 2¯ 1u

·
@2f 2

@x1@t

¸
= 0;

(®1u + 2¯ 1
u2

R
+ _u¯ 1)

·
@f 3

@x1

¸
+ ¯ 1u2

·
@2f 3

@x1@x1

¸
+ 2¯ 1u

·
@2f 3

@x1@t

¸
= 0:

(23)

We simply remark that if
·

@f k

@x1

¸
= 0 then from (13), (14)1 and the remark concerning [(gr adf )n]

it results that a third order derivatives jumps of v are null and the problem degenerates. System
(23) has three equations and nine unknowns. Consequently for the determination of the propagation
velocity we may have one of the following two equations:

®1u + ¯ 1 _u = 0;

¯ 1 _u + 2¯ 1
u2

R
+ ®1u = 0:

(24)

A. The ¯rst one of equations (24) leadsto a propagation velocity given by

u(t) = u0 exp(¡
®1

¯ 1
t) (25)

and consequently as from constitutiv e restrictions ¯ 1 < 0; we have the following cases:
A1: if ®1 < 0; (which is the casefor some°uids - see[9]) the propagation velocity vanisheswhen the
time tends to in¯nit y.
A2: if ®1 > 0; it results that the wave velocity is an increasing and unbounded function of time,
which is a result similar to those for the linear viscous°uid, mentioned above.
B. The secondof equations (24) leadsto a propagation velocity given by

u(t) =
3cexp(¡ ®1

¯ 1
t)

3
q

c0¡ 3c ¯ 1
®1

exp(¡ ®1
¯ 1

t)
; (26)

where c, c' have to be obtained from initial data.
Let us remark that in this casethe propagation velocity behaves like exp(¡ ®1

2¯ 1
t) when t tends to

in¯nit y and consequently there are also two possibilities:
B1: if ®1 < 0; the propagation velocity vanisheswhen the time tends to in¯nit y.
B2: if ®1 > 0; it results that the wave velocity is an increasingand unbounded function of time.

3.2 Cylindrical waves

In this section we investigate the caseof a cylindrical discontinuit y surfacegiven by

x(t) = R(t) cosµi1 + R(t) sinµi2 + zi3 = 0 (27)
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In the local basis ei ; i = 1; 3 and in the corresponding surfacebasis, the coordinates are given by
x1 = R(t); x2 = µ; x3 = z and respectively by y1 = µ; y2 = z: In the sametime the spaceand
surfacemetrics and the secondfundamental form are obtained as in formulas (28)

gij = ±ij (±i 1 + R2±i 2 + ±i 3); a®¯ = ±®¯ (±®1R2 + ±®2);

b®¯ = ±®¯ (¡ ±®1R):
(28)

A simple calculus gives, for the surfacegradient components: x2j1 = R(t);
x3j2 = 1; x1j1 = x1j2 = x3j1 = x2j2 = 0: In order to obtain the right hand side of jump relations

(14) we remark that ¡ 2
12 = ¡ 2

21 = 1=R and then we must compute ¹A ;
±A
±t

and
±u
±t

: After some

straightforward calculi we obtain a formula similar to those performed in the caseof spherical waves:

[(gr ad2f (n))n] = [gkt (
@2f t

@x4@x4 + 2
@f q

@x1
¡ t

q1 ¡
@f t

@xp
¡ p

11)]ek and the representation, in the local basis, of

¹A is

¹A =
µ·

@2f 1

@x1@x1

¸
;
·

@2f 2

@x1@x1

¸
+

2
R

·
@f 2

@x1

¸
;
·

@2f 3

@x1@x1

¸¶
: (29)

For the secondterm from (14)3, we obtain

±A
±t

=
µ·

@2f 1

@x1@x1

¸
;
·

@2f 2

@x1@x1

¸
;
·

@2f 3

@x1@x1

¸
+ u ¹A

¶
: (30)

Like in the caseof the sphericalsurface,the de¯nition of the propagation velocity leadsto u(t) = _R(t)
and consequently the compatibilit y kinematic relations for secondorder derivativeswill be

·
@2f
@t2

¸
=

µ
¡ u2

·
@2f 1

@x1@x1

¸
¡ 2u

·
@2f 1

@t@x1

¸
¡ _u

·
@f 1

@x1

¸
;

¡ u2
·

@2f 2

@x1@x1

¸
¡

2u
R

·
@f 2

@x1

¸
¡ 2u

·
@2f 2

@t@x1

¸
¡ _u

·
@f 2

@x1

¸
;

¡ u2
·

@2f 3

@x1@x1

¸
¡ 2u

·
@2f 3

@t@x1

¸
¡ _u

·
@f 3

@x1

¸¶

(31)

in the local basis ei ; i = 1; 3: Some long calculi lead to the system of equation which give the
propagation conditions, which are in strong similarit y with equations (23) for spherical waves

(®1u + _u¯ 1)
·

@f 1

@x1

¸
+ ¯ 1u2

·
@2f 1

@x1@x1

¸
+ 2¯ 1u

·
@2f 1

@x1@t

¸
= 0;

(®1u + 2¯ 1
u2

R
+ _u¯ 1)

·
@f 2

@x1

¸
+ ¯ 1u2

·
@2f 2

@x1@x1

¸
+ 2¯ 1u

·
@2f 2

@x1@t

¸
= 0;

(®1u + _u¯ 1)
·

@f 3

@x1

¸
+ ¯ 1u2

·
@2f 3

@x1@x1

¸
+ 2¯ 1u

·
@2f 3

@x1@t

¸
= 0:

(32)
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Consequently is not surprising that for the determination of the propagation velocity we will obtain
the sametwo di®erential equationsas in the caseof spherical waves(24):

®1u + ¯ 1 _u = 0;

¯ 1 _u + 2¯ 1
u2

R
+ ®1u = 0:

(33)

Finally, the conclusionsare similar with those discussedin casesA and B in the analysis of the
propagation of spherical waves.

4 Conclusions

In conclusion we remark that on a part, in a third grade °uid is generally possible to propagate
harmonic waves.
Considering the propagation of singular surfaces,on the other part, we remind that it wasproved (see
for instance [4], or any classicalbook referring to the propagation of singularities in viscous °uids)
that, due to the parabolic behaviour of °ow equations, these surfacesdo not propagate in linear
viscous°uids. A similar result was obtained here for the subclassof third grade °uids characterized
by ¯ 1 < 0; ®1 > 0: The last result, in the previous section, put into evidencean other subclassof
these°uids, namely: ¯ 1 < 0; ®1 < 0; for which at least spherical and cylindrical accelerationswaves
can propagate with ¯nite velocities.
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